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Abstract. In this note we prove analogues of the main theorems of complex multiplica- 
tion for abelian varieties for K3 surfaces. This is done by studying the field of definition 
of the period morphism for complex K3 surfaces. More precisely we relate the moduli 
spaces of primitively polarized K3 surfaces with level structures over Q, constructed using 
algebraic stacks, to the canonical model of the Shimura variety associated to SO(2, 19). 



Introduction 

The main theorem for complex multiplication for abelian varieties describes the action 
of the elements of Gal(Q ab /Q) on the torsion points of an abelian variety A with complex 
multiplication. In [6] Deligne uses this description as a departure point for the definition 
of canonical models of Shimura varieties. In Theoreme 4.21 in loc. cit. he proves that 
lim»4 Sil|n (g) Q is the canonical model of S7i(CSp 2g , ^ ± )c, where A 9t d,n is the moduli stack 
of ^-dimensional abelian varieties with a polarization of degree d 2 and a Jacobi level re- 
structure. In this note we will prove a similar result for moduli spaces of primitively 
polarized K3 surfaces. 

For a certain class of compact open subgroups K of SO(2, 19) (Aj), in Section 5 of [24], 
we have introduced the notion of a level K-structure on a K3 surface using its second etale 
cohomology groups. Further, we have defined moduli spaces T2d,K of primitively polarized 
K3 surfaces with a level K-structure and we have shown that these are smooth algebraic 
spaces over Spec(Z[l/iV]) where N G N depends on K. These moduli spaces are finite 
unramified covers of the moduli stack F 2 d of K3 surfaces with a primitive polarization of 
degree 2d. 

For each such compact open subgroup K, we define below (see Section 2.4) a period 
morphism 

jd,K,C : ^2d,K ® C -> S7i K (SO(2, 19), ^ ± )c 

where S/i(S0(2, 19), fi ± )c is the Shimura variety associated to SO(2, 19). This period 
morphism differs slightly from the ones considered for instance Expose XIII in [4] and §1 
in [9]. This is due to the fact that we work with moduli spaces of polarized K3 surfaces 
over Q and in general these have more than one connected component. Here we study 
the field of definition of J2,k,c- Our main result is the following. 

Theorem. The field of definition of the period morphism jd,K,c is Q. In other words, 
jd,K,c descends to a morphism 

3d,K- J r !W I K®Q->S , /iK(SO(2 J 19),n ± ) 

where S7ik(SO(2, 19), fl^ is the canonical model of S7ik(SO(2, 19),f2 ± )c. 
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Just like in the case of abelian varieties it gives a modular interpretation of (an open 
part of) the canonical model of S7i(SO(2, 19), fi ± )c as a moduli space. 

To prove that the field of definition of jd,K,c is Q we need to find 'enough' points in 
J~2d,K <S> C and S7ik(SO(2, 19), f^ ± )c for which we can control the action of Aut(C). The 
definition of canonical models of Shimura varieties suggests a collection of such points, 
namely the set of special points. Here we will restrict this set a bit by working with points 
corresponding to exceptional K3 surfaces. By definition these are K3 surfaces X over C 
such that rk z Pic(X) = 20. 

The proof of the preceding theorem splits up in two parts. We first prove a version 
of the main theorem for complex multiplication (Theorem 11.2 in [17]) for exceptional 
K3 surfaces. It gives a relation between the transcendental lattices of an exceptional K3 
surface X and of its conjugate X a by an automorphism a G Aut(C), fixing the reflex field 
of X. The main tool is a result of Shioda and Inose. Using their construction we reduce 
the proof of the main theorem of complex multiplication for exceptional K3 surfaces to 
a similar statement for abelian surfaces. The latter follows easily from the theorem of 
Shimura and Taniyama. Next we show that the set of points in JF 2rfiK <g> C corresponding 
to exceptional K3 surfaces with a given reflex field is dense for the Zariski topology. The 
proof of the fact that the field of definition of the period morphism jd,K,c is Q is a formal 
consequence of these two results. 

Using the rationality of the period morphism we show that an analogue of the theorem 
of Shimura and Taniyama holds for all complex K3 surfaces with complex multiplication. 
Further, we prove that any such K3 surface can be defined over an abelian extension of its 
Hodge endomorphism field. In this way we complete a theory of complex multiplication 
for K3 surfaces. 

We should mention that the proofs given here are quite different from the ones given 
in [27] in the case of abelian varieties. Shimura and Taniyama work directly with a given 
abelian variety A using the geometric interpretation of H^ t (A,Z). We obtain our results 
from the general properties of canonical models of Shimura varieties using the period 
morphisms. We wonder if one can give proofs of the statements in this note working 
directly with an exceptional K3 surface just like in the case of abelian varieties. More 
precisely, we wonder if argumentation of the type 'a Hodge cycle is an absolute Hodge cy- 
cle' on a K3 surface (see [2] and [8]) could lead to complete proofs of the results in question. 

Notations and Conventions 

General. We write Z for the profinite completion of Z. We denote by A the ring of 
adeles of Q and by A/ = Z <g> Q the ring of finite adeles of Q. Similarly, for a number field 
E we denote by A E and A E j the ring of adeles and the ring of finite adeles of E. 

If A is a ring, A — > B a ring homomorphism then for any A- module (A-algebra etc.) V 
we will denote by Vb the 5-module (5-algebra etc.) V ®a B. 

For a variety X over C we will denote by X an the associated analytic variety. For an 
algebraic stack T over a scheme S and a morphism of schemes S' — > S we will denote by 
Ts> the product T x s S' and consider it as an algebraic stack over S'. 

We will use the notations established in [24]. In particular for a natural number d we 
write T2d for the Deligne-Mumford stack of K3 spaces with a primitive polarization of 
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degree 2d. It is a smooth stack over Spec(Z[l/2d]). See Theorem 4.7 in [24] and §1.4.3 
in [23]. For n G N, n > 3 and a subgroup K of finite index in K n we denote by JF 2rfjK the 
smooth algebraic space over Spec(Z[l/iV]) of K3 surfaces with a primitive polarization of 
degree 2d and a level K-structure. If IK is admissible, then we denote by J'^dK ^ ne moduli 
space of K3 surfaces with a primitive polarization of degree 2d an a full level K-structure. 
For details we refer to Section 6 in [24] and Section 1.5 in [23]. 

Algebraic Groups. A superscript usually indicates a connected component for the 
Zariski topology. For an algebraic group G will denote by G° the connected component 
of the identity. We will use the superscript + to denote connected components for other 
topologies. 

For a reductive group G over Q we denote by G ad the adjoint group of G, by G der 
the derived group of G and by G ab the maximal abelian quotient of G. We let G(M.) + 
denote the group of elements of G(M) whose image in G ad (K) lies in its identity component 
C7 ad (M)+, and we let G(Q) + = G(Q) n G(R)+. 

Let V be a vector space over Q and let G <^-> GL(V) be an algebraic group over Q. 
Suppose given a full lattice L in V (i.e., L <g) Q = V). Then G(Z) and G(Z) will denote 
the abstract groups consisting of the elements in G(Q) and G(Af) preserving the lattices 
L and L% respectively. 
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I. Hodge Structures of K3 Surfaces 

1.1. Hodge Structures. Let § = Resc/R(G mi c) be the Deligne torus over R. Consider 
the weight character w: M x = G m (IR) <^-> S(M) = C x given by r m r -1 . The norm 
character Nm: § — > G mi R is defined by Nm(z) = zz. The kernel of Nm is the circle group 
Ui = {z e C* | \z\ = 1}. 

If a vector space V carries a Q-Hodge structure h: S — > GL(Vr) (shortly Q-HS), then 
we have a decomposition of C-vector spaces 

such that h c (zi, z 2 )(v) = z^z^v for every v G V p ' q . We define fi h to be the cocharacter 
of GL(V) m given by /i h (z) =h c (z,i). 

Example 1.1. Let V be a Z-HS of type {(1, -1), (0,0), (-1, 1)}. Then we have a de- 
composition V c = V 1 ^ 1 © V ' © V' 1 ' 1 of C vector spaces. Then fx(z) acts on V 1 ^ 1 as 
multiplication by z^ 1 , on V -1 ' 1 as multiplication by z and it acts as the identity on V 1 ' 1 . 
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For a Q-HS V we will denote by MT(V) the Mumford-Tate group of V. Recall that it 
is the smallest algebraic subgroup of GL(V) defined over Q such that the homomorphism 
h defining the Q-HS on V factorizes as h: § -> MT(V) R C GL(V) R . We will denote by 
Hg(V) the Hodge group of the Q-HS V. By definition it is the smallest algebraic subgroup 
Hg(V) C GL(V) such that h\ Vl -> GL(V R ) factorizes through Hg(l / ) M . 

1.2. Quadratic Lattices and Cohomology Groups of K3 Surfaces. In this section 
we introduce some notations which will be used in the sequel. Let U be the hyperbolic 
plane and denote by E$ the positive quadratic lattice associated to the Dynkin diagram 
of type E 8 (cf. Chapter V, 1.4 Examples in [25]). 

Notation 1.2. Denote by (L , ijj) the quadratic lattice U m © Ef 2 . Further, let {V ,ip) 
be the quadratic space (L ,ip) © z Q. 

We have that L is a free Z-module of rank 22. The form has signature (3—, 19+) on 
L ®R. 

Let {ei, /i} be a basis of the first copy of U in Lq such that 

^(ei,ei) = ip(fiji) = and ^(ei,/i) = l. 

For a positive integer d we consider the vector ei — df\ of Lo- It is a primitive vector 
i.e., the module L / (ei — d/i) is free and we have that ip(ei — dfi, e\ — dfi) = —2d. The 
orthogonal complement of t\ — df\ in Lq with respect to ip is (ei + dfi) © f/® 2 © Ef 2 . 

Notation 1.3. Denote the quadratic sublattice (e 1 +dfi) @U® 2 @E^ 2 of L by (L 2d ,^2d)- 
Further, we denote by (V^, ip2d) the quadratic space (L 2 d, ip2d) ©z Q- 

The signature of the form ip2d,m. is (2—, 19+). We have that {ei — dfi)@L 2 d is a sublattice 
of L of index 2d. The inclusion of lattices % : L 2d ^ Lq defines injective homomorphisms 
of groups 

(1) * ad : {g E O(V )(Z) I g( ei - df ± ) = e ± - df ± } ^ 0(V 2d )(Z) 
and 

(2) * ad : { 5 G SO(\/ )(Z) | g( ei - df t ) = e ± - dfr} ^ SO(V 2d )(Z). 

Let X be a complex K3 surface. Then one has a non-degenerate bilinear form 

ip: H%(X,Z)(1) x H%(X,Z)(i) -> Z 

given by 

ip(x, y) = — tr(x U y) 

where iU|/ is the cup product of x and y and tr: Hq(X, Z(2)) — >• Z is the trace map. Let 
£ be an ample line bundle on X for which (£, £)x = 2d and assume that it is primitive. 
Denote by Pj(X,Z(l)) the primit ive cohomology group i.e., the orthogonal complement 
of Ci(C) in Hq(X, Z(l)) with respect to ■?/>• Let ipc be the restriction of ip to -Pj(X, Z(l)). 
Let {ei, fi} be a basis of the first copy of U in Lq. By Proposition 1 in Expose IX in [4] 
one can find an isometry 

a: (H 2 B (X,Z(l)),i>) -> L 
such that a(ci(C)) — e± — df±. Therefore a induces an isometry 

a: {P 2 (X,Z(l)),^ c )^(L 2d ,i; 2d ). 
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Suppose that X is a K3 surface over a field k of characteristic zero. Then one has a 
non-degenerate bilinear form 

V/: H 2 t (X h Z)(l) x H 2 t (X h Z)(l) -> Z 

given by 

*Pf(x,y) = -trz(xUj/) 

where tr^: -f/^X^, Z)(2) — > Z is the trace isomorphism. This is simply Poincare duality 
for etale cohomology (see Corollary 11.2 in §11 in [15]). One has an isometry 

(H 2 ct (X- k ,Z(l)),tf) = (L ^) ® Z Z. 
If £ is a primitive ample line bundle on X of degree 2d then one can find a isometry 

a: (H 2 t (X h Z(l)),^ f ) ^L ® Z Z 

such that a(ci(£)) = ei — df-y. Denote again by P 2 t (X k , Z(l)) the orthogonal comple- 
ment of Ci(£) in H 2 t (X k , Z(l)) with respect to ^j. Let ipcj be the restriction of ipf to 
P e 2 t (X^, Z(l)). In particular it induces in isometry (P c 2 t (X^, Z(l)), ipcj) — (L 2 d, ip2d) ®%Z. 
For a more detailed overview we refer to Section 2 of [24]. 

1.3. Hodge Structures of K3-Type. In this section we will recall some facts concerning 
Hodge structures coming form cohomology groups of K3 surfaces. We also set up some 
notations. 

Let X be a K3 surface or an abelian surface over C. Then H B (X, Z) is a free Z-module 
of rank either 22 or 6. It carries a Z-HS 

h: S->GL(if|(X,R)) 

of weight 2 with Hodge numbers h 2 ' = h ' 2 = 1 and h 1 ' 1 = 20 or 4 respectively. Denote 
by hx the morphism h £g> hz(i) defining the Z-HS on H^(X, Z(l)). 

Assume now that X is a K3 surface and let A be a primitive quasi-polarization on X 
(see Section 3.2 in [24] for the definition). Then P|(X,Z(1)) = ci(A) ± C #|(X,Z(1)) 
carries a polarized Z-HS. We have that H%(X,Q(1)) = ci(A) © Pj(X,Q(l)) as polarized 
Q-HS. If we consider SO(P|(X, Q(l))) embedded in to SO(H 2 B (X, Q(l))) by letting g e 
SO(P|(X,Q(l))) act as the identity on the direct summand d(A) of H%(X,Q(1)), then 
we have that 

h x : § ^ SO(Pi(X,R(l))) ^ SO(P4(X,R(l))). 

Hence the Mumford-Tate group MT(H%(X, Q(l))) is contained in SO(P|(X, Q(l))). The 
corresponding cocharacter fix, given by /J>x(z) — hx,c( z , 1); ac ts as multiplication by z~ l 
on the {1, —1} part of P|(X, C(l)), as the identity on the {0, 0} part and as multiplication 
by z on the { — 1, 1} part. 

Let X be a non-singular projective surface over C and let Ax be the image 

A x := Cl (Pic(X)) C H 2 B (X,Z(1)). 

It is a polarized Z-Hodge substructure of H B (X, Z(l)) of type {(0, 0)}. Denote by T x its 
complement 

T x :=c 1 (Pic(X)) ± C J Pl(X,Z(l)) 
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with respect to ipx which is the negative of the Poincare duality pairing. The bilinear form 
ipx restricts to a bilinear form on T x . The lattice T x together with the form ip x \t x is called 
the transcendental lattice of X. It carries a polarized Z-HS of type {(—1, 1), (0, 0), (1, —1)} 
and we have that Hq(X, Q(l)) = Ax,q © Tx,q as polarized Q-HS (see §1 of [30] for more 
details). If we consider SO(Tx,q) embedded into SO(i/|(X, Q(l))) by acting as the 
identity on the summand A x ,q we see that 

h X ' § - SO(T x , M ) — SO(#lpT,R(l))). 

Hence we have that MT{H%{X, Q(l))) C SO(Tx,q). The cocharacter /jl x acts in the way 
described above. 

We fix similar notations for etale cohomology groups. Denote by A x % the image 

ci(Pic(X))^ C H%t(X, Z(l)) and let Ax,A f be <g> A/. We consider the transcendental 
lattice 

T x ,± :=^Ctf c 2 t (X,Z(l)) 
and let Tx,k f be <g> Af. Then by the comparison theorem between Betti and etale 
cohomology we have a natural isomorphism T x ^ = Tx ®% Z. 

Definition 1.4. Let d G N and consider the vector space (V^V^d) defined in Section 1.2. 
A polarized Q-HS of K3-type of degree 2d is a triple (V, tp, h) where h is a homomorphism 

/i: s^so(y,v) K 

such that 

(a) /i defines a Q-HS of type {(—1, 1), (0, 0), (1, —1)} on V and tp is a polarization for 

(b) The Hodge numbers of Vc are h 1,1 — h 1, 1 = 1 and h°'° = 19, 

(c) (V,ip), as an orthogonal space, is equivalent to (V2d,4 ) 2d)- 

Giving such h amounts to giving a 2-dimensional subspace V^T of on which ip is 
negative definite and an orientation of V^": For z = re ld E S(M) = C x , we have that h(z) 
acts as the identity on the orthogonal complement V^ ,± and as rotation on angle 29 on 
IgT (see Sections 5.4 and 5.5 in [7]). 

Note that as above one can see that for a polarized Q-HS of K3-type h the corresponding 
cocharacter \ih acts as in Example 1.1. 

1.4. Hodge Endomorphism Algebras of K3 Surfaces. We will give a short exposi- 
tion of some results of Zarhin ([30]) on Hodge groups of K3 surfaces. Let X be a complex 
K3 surface and denote by Hg(X) and MT(X) the Hodge and the Mumford-Tate groups 
(which in our case are the same) of X associated to the Z-HS on H^(X,7i(l)). We know 
that the homomorphism 

^:§^SO(#I(X,R(l))) 

defining the Z-HS on H^(X, Z(l)) factorizes thorough SO(Tx,r) and hence we have that 
HgpT) C SO(Tx,q). We see from Theorem 1.4.1 in [30] that the vector space T x ,q is a 
simple Hg(X)-module. 
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Definition 1.5. For a K3 surface X we define the Hodge endomorphism algebra of X to 
be 

E x ■= End Hg (x) (Tx,q) = EndnstTx.Q)- 

The Hodge endomorphism algebra of X is an analogue of the endomorphism algebra 
of an abelian surface. 

Theorem 1.6. The algebra Ex is a field which is either a totally real field or an imaginary 
quadratic extension of a totally real field i.e., a CM-field. 

Proof. For the first part of the theorem we refer to Theorem 1.6 in [30]. It actually follows 
from the fact that one has a natural embedding 

e x : E x ^ End c # 2 '°(X) C. 

For the second part see Theorem 1.5.1 in [30]. □ 

If X is a K3 surface with a Hodge endomorphism algebra E x which is a CM-field then 
Ex embedded via ex in C as above is the reflex field of the Mumford-Tate torus MT(X). 
We will call t x {E x ) C C the reflex field of X. 

Definition 1.7. We say that a K3 surface X has complex multiplication, shortly CM, by 
E x if X has a Hodge endomorphism algebra E x which is a CM-field. 

Recall that a complex K3 surface X is called exceptional if rk^Pic(X) = 20. If X is 
an exceptional K3 surface, then Tx,q> is a 2-dimensional Q- vector space. From §2, 2.1 - 
2.3 in [30] we see that the Hodge endomorphism field Ex is a quadratic imaginary field. 
Further, we have that Hg(X) (respectively MT(X)) is a torus and therefore an exceptional 
K3 surface has CM by a quadratic imaginary field. 

Definition 1.8. If X is an exceptional K3 surface over C we will say that it is of CM- 
type (E x ,€x) if E x is its Hodge endomorphism field and ex'- E x — > C is the natural 
embedding given by the action of Ex on the space of holomorphic forms on X. 

2. The Shimura Variety S7i(SO(2, 19), H*) 

Over C the geometry of moduli spaces of primitively polarized K3 surfaces is connected 
to the geometry of the Shimura variety associated to SO(2, 19). This is achieved via peri- 
ods. Here we will use this relation to prove the main theorems of complex multiplication 
for K3 surfaces. In Sections 2.1 - 2.4 we will give the needed preliminaries. More precisely, 
in Section 2.3 we describe a modular interpretation of the points in 57i(SO(2, 19), r2 ± )c(C) 
in terms of periods of K3 surfaces. In the following section we define a period morphism 
jd,K,c which is a slight modification of the period morphisms used in [21], [9], [4] and 
others. 

2.1. Special Orthogonal Groups. Let V be a 21 dimensional Q vector space and let ip 
be a non-degenerate form on it of signature (2—, 19+). Then ip is equivalent to the form 

d- x l X 2 + X 3 + • • • + + d%2i 

for some square free integer d. In general, if d > 1 the two forms Qd and Qi need not 
be equivalent over Q. But the forms dQi and Qd are equivalent over Q. One sees this 
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using Theorem and the Corollary in Chapter IV, Section 3.3 in [25]. Therefore we have 
the following result. 

Lemma 2.1. The groups SO(V, Qi) and SO(V, Qd) are isomorphic over Q. 

Notation 2.2. From now on we will denote by G or by SO(2, 19) the algebraic group 
SO(V,^) over Q. 

2.2. The Shimura Datum (G, fi ± ). Let V be a 21 dimensional vector space over Q and 
let ip be a non-degenerate bilinear form on V of signature (2—, 19+). Define to be 
the collection of all Q-HS h: S — > Gr = SO(Vr) for which ±ip is a polarization and the 
Hodge numbers are h~ 1,1 = h 1 ' -1 = 1 and h°'° = 19. Let ho: E> — > Gr be an element of 
fl ± . Then is equal to the G(R)-conjugacy class of the homomorphism ho. 

For an element h G let be the associated Hodge filtration. Then the map h i— > i 7 ^ 
identifies with the space 

{cj G P(V <g> C) | ip(u, u) = and ^(w, > 0}. 

This gives ft^ a complex structure for which the Hodge filtration varies holomorphi- 
cally with h. We also see that consists of two connected components VL + and Or 
corresponding to the two possible orientations one can give to the space IgT correspond- 
ing to a morphism h. Further Q ± , being the G(R)-conjugacy class of a homomorphism 
ho : 8 — > Gk as above, can be identified with the space 

SO(2,19)(R)/(SO(2)(R) x SO(19)(R)). 

We choose f2 + to be connected component corresponding to 

SO(2,i9)(R) + /(SO(2)(R) x SO(19)(R)), 

where SO(2, 19)(R) + is the connected component of SO(2, 19) (R) containing the identity. 
This choice is non-canonical as it depends on the choice of ho- 

The pair (G, Q^) is a Shimura datum with reflex field Q. The last claim follows from 
Proposition 3.8 of [6] and Appendix 1, Lemma in [1]. 

2.3. Modular Interpretation: Part I. Let d G N and consider the quadratic space 
(V2d, ?p2d) (see Section 1.2). Following Notation 2.2 we denote by G the group SO(V2d, ip2d)- 
Let K C G(Af) be an compact open subgroup and consider the variety 

Sh^CQ^c = G(Q)\ft± x G(A f )/K 

where q(x, a)k = (qx, qak) for q G G(Q),x G f^, a G G(Af) and fceK. 
Define Hk to be the set of 4-tuples 

((W,h),s,aK) 

where: 

(i) ((W, h), s) is a polarized Q-HS of K3 type (see Definition 1.4), 

(ii) aK. is the K-orbit of an Aj-linear isomorphism 

a: V 2d ® A 7 -> W ® A f 
such that if)2d(vi,V2) = m s -s(a(vi), afa)) for all vi,v% G V2d<S>Af, where m s G Q+. 
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An isomorphism between {(W, h), s, al) and ((W, h'), s', a'Kj in TCk is an isomorphism 
b: (W, h) -> (W, ti) of Q-HS such that there exists c G Q x for which s = c ■ s' o (b x b) 
and bo a = a' (mod K). From this we see that c = m s /m s r G Q x /Q x2 . 

Let ((W, ft.), s, «K) be an element of TCk- From (ii) and the fact that the signature of s is 
(2—, 19+) we conclude by the Hasse principle that there is an isomorphism a: W — > V 2d 
with s = m~ l • ip2d o (a x a). Further, the homomorphism a • /i: 8 — > Gr defined by 
znao o a -1 belongs to fi 1 * 1 and the composition 

V2d,Ay - > V2d,A f 

is an element of G(Af). Indeed, we have that 

^o(axa)o(axa)=m s -so(axa) = m s m~ l ■ ip 2d = ip2d- 

Another isomorphism a' : W — > V^, for which s = m" 1 • ^> 2 d ° (a' x a') , differs from a by 
an element q G G(Q), say a' = q o a. Hence, replacing a by a' will change [a • h, a o a]x 
with [ga -h,qao a] K . Similarly, replacing a by a/c for some G K will replace [a ■ h, ao a] K 
with [a • /i, a o afc]K- Therefore one has a well defined map 

H K -> G(Q)\Q ± x G(A/)/K 

given by 

(3) ((W 7 , /i), s, «K) h- ► [a ■ h,ao «] K 

where [a • h, a o q]k denotes the class of (a • h, a o a). 

Proposition 2.3. The map defined by (3) gives a bijection between 7iK/{isom.} and 
Sh K (G, fi ± ) c (C). 

Proof. Suppose that b: (W, h) — > (W, h') is an isomorphism of Q-HS giving an isomor- 
phism of the triples ((W, h), s, aKj and ((W, h'), s', a'Kj in Hk- Then we have that s = 
m s j m s i -s'o(bxb). Choose an isomorphism a' : W — > V 2d such that ip 2d = m s' • s ' ° ( a ' x a') • 
Then for the isomorphism a: W — > defined by a = a'o& we see that r/^d = m s -so(axa). 
Hence we have that (a • /i, a o a) = (a' • h', a' o a'/c) where b o a = a'k. 

Assume that {(W, h), s, aK) and ((W, h'), s', c/K) are mapped to the same point in 
Sh^G, fi ± )(C). Choose two isomorphisms a: W V 2d such that ^ 2 d = m s • s o (a x a) 
and a': W V 2d for which ?/>2d = f» s < • s' o (a' x a'). We know that 

(a • h, a o a) = (qa' ■ h', qa o a'k) 

for some g G C7(Q) and /c G IK. After replacing a' by qa' we may suppose that (a-h, ao«) = 
(a' • h', a' o a/c). Then b = a' o a -1 is an isomorphism of the triples ((H 7 , h), s, aK) and 
((W, h'), s', a'K). This shows that the map is injective. The surjectivity follows easily 
as any element [h, g]^ is the image of ((V^, h),ip 2d ,gKy □ 

Remark 2.4. With this modular interpretation of ShK.(G, r2 ± ) c (C) we may think of 
it as the set parameterizing 'isogeny' classes of polarized K3 surfaces with certain level 
structure up to an isomorphism. This is similar to the case of abelian varieties. See 
Section 4.11 in [6]. 
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2.4. Modular Interpretation: Part II. Let d be a natural number and let IK C 
SO(V2d)(Z) be a subgroup of finite index which is contained in some K n for some n > 3. 
Recall that in §6 in [24] (or §1.5 in [23]) for every such subgroups K we constructed a 
moduli space J~2d,~K of K3 surfaces with a primitive polarization of degree 2d and a level 
K-structure. Our goal in this section is to define a morphism 

jd,K,C- ^2d,K,C — ► SllE.(G, fi ± )c 

mapping every primitively polarized complex K3 surface its periods (cf. Step 1 of the 
proof of Proposition 2.5 and Definition 2.8 below). We will use the notations established 
in Section 1.2. 

Proposition 2.5. For a natural number d and a group K as above one has an Stale 
morphism of algebraic spaces 

jd,K,C- F2d,K,C — ► Sh K (G, fi ± )c- 
Proof. We will divide the proof into several steps. 

Step 1: We begin with a naive pointwise definition. Let (X, A, a) be a complex K3 surface 
with a primitive polarization of degree 2d and a level K-structure a (see Section 5 of [24] 
for the definition). Let a: L 2d j — > P c 2 t (X, Z(l)) be a representative of the class a. Choose 
an isometry a: H^(X, Z(l)) — > Lo such that a(ci(A)) = ei — d/i and aoa: ~~ * -^2dz 
is an element in SO(V 2 d)(Z). Let hx- S — > SO(P|(X, K(l))) be the morphism defining 
the polarized Z-HS on P|(X, Z(l)). 

Claim 2.6. The class [aohxoa -1 , ooq:]k of 'the pair (ao/i X oa _1 ,aoa) in S}ik(G, Q ± )c(C) 
zs independent of a choice of the marking a and the lifting a of a. 

Proof. Indeed, any representative of the class of a is of the form ao k for some k6K and 
any isometry a': H^(X, Z(l)) — > L such that a(ci(A)) = t\ — df\ and a' o a o k: L 2d % — > 
is equal to p o a for some g G 0(Vo)(Z) with g(ei — df\) — e± — df\ and such that 
g E SO(V r 2 d)(Z). Hence we have that the new data produce a pair 

(g o a o hx ° a 1 ° g 1 , goaoaon) = [g • (a o hx o a~ l ),g o a o a o k) 

whose class in Sh^G, Q ± )c(C) is exactly [a o hx ° a -1 , a o <S] K . □ 

We will use this pointwise construction to define an algebraic morphism as claimed in 
the proposition. 

Step 2: Let U — > J 7 2d^,c be a (smooth) atlas of JF 2djK C such that the pull-back of 
the universal family over J r 2d,K,c to C/ is a K3 scheme. Let V be a connected component 
of U and let (7r : X — > V, A, a) be the pull-back of the universal family to V. Define a map 

by sending a point s G V 2111 to the point associated to (X s , A s , a s ) in Step 1. We will show 
that it is an algebraic morphism. 
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Step 3: We will show that jd,K,v is holomorphic and a local isomorphism. Accord- 
ing to Lemma 5.13 of [17] the decomposition of S}ik(G, fi ± )c into connected components 
is given in the following way: 

sh K (G,n ± ) c = ]Jr [g] \n + , 

\s]ec 

where C := G(Q) + \G(Af)/K and T^j = G(Q) + fl gKg^ 1 for some representative g of 
[g] G C. We will first show that jd,K,v maps V an into one connected component. 
Suppose given two points s± and s 2 of V an . One can find an isomorphism 

5 n : tt^VO -7n(\/ an , S2 ) 

and an isometry 

5 B : H 2 B (X S1 ,Z(1)) ^ H 2 B (X S2 ,Z(1)) 

mapping ci(A Sl ) to ci(A S2 ), such that 5b{i -x) = 5 n (j) -5b(x) for every x G H B (X Sl , Z(l)) 
and 7 G 7Ti(V an , Si). The isometry 5b defines thus an isometry between P B (X Sl , Z(l)) and 
P B (X S2 , Z(l)) which we will denote again by 5b- If the level K-structure on n: X — > V is 
given by the class a in {K\Isometry(L M , P 2 ^)) j^i'^' 51 ) with respect to the geometric 
point Si and a is a representative of this class, then it is given at the point s 2 by the class 
of 5b ° <5 in K\Isometry(L 2 rf, P 2 (s 2 )). It is 7r alg (V, s 2 )-invariant. See the discussion before 
Definition 5.1 in Section 5 in [24]. Hence if we take a marking a: H B (X Sl , Z(l)) — > Z-o 
such that a(ci(A sl )) = e x — dfi then we can take a marking 

ao^ 1 : iff(X S2 ,Z(l)) ->Lo 

for which we have that a(ci(A S2 )) — e± — df\. So we see that 

(4) jd,K,v(si) = [a o h si o a" 1 , a o a] K 

(5) Mk,v(s2) = [a o tf^ 1 o /i S2 o 5 B o a -1 , a o tf^ 1 o 5 B o <5] K . 

The sheaf R B 7i*Z(l) is a local system on V^ 11 for every point s G V an one can find an open 
neighborhood V s of s in V an such that the system R 2 B 7r :t: 'Z(l)\y s is constant. We can find 
a marking a: _R 2 3 7r*Z(l)|v s — > (£o)v s mapping Ci(A) to e x — d/i. According to Theorem in 
Section 5 of [4] (or Section 9.7 in [10]) the map 

j: v s -> 

defined by j(s) = a o hx^ ° a -1 is holomorphic. As V s is connected we may assume that 
its image in under the morphism j is contained in Q + . Then we see from (4) and (5) 
that jd,K,v(Vs) C where g = a s o a s . Further, pr: Q + — > r^]\J7 + is holomorphic 

and we have that jd,K,v\v s — V r ° 3- Hence jd,K,v\v s is holomorphic. 

According to Proposition 3.3.1 in [1] applied to Xy^ — » V s , the holomorphic map j 
is a local isomorphism and therefore the same holds for jd,K,c\v s as Q + is the universal 
covering space of Those conclusions are valid for a neighborhood of any point s 

in V an hence we see that jd,K,v '■ ^ an ^ + \r is holomorphic and it is a local isomorphism. 

Step 4: For every connected component V of U we defined a holomorphic morphism 
jd,K,v '■ V 3 " 11 — ¥ Sh K (G, fi ± )c which is a local isomorphism. By Step 3 it factorizes though 
a connected component of Sh-E.(G, fi ± )c for some g G G(Af) so using a result of 
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A. Borel (Theoreme 5.1 in [7]) we conclude that jd,K,v is an algebraic morphism. Indeed, 
we can apply Theoreme 5.1 in loc. cit. because the group T[ g ] is torsion free as IK C K n 
for some n > 3. We also have that jd,K,v, being an analytic local isomorphism, is etale. 
Gluing the morphisms jd,K,v for all connected components V of U we obtain a morphism 
of C-schemes 

which is etale. 

Step 5: We will show that jd,K,u descends to a morphism of algebraic spaces 

jd,K,C : F2d,K,C — ► Sh K (G, fi ± )c- 
We have to show that the two projection maps 

3d,K,u°pri-- U x^ 2dKC U -> S7i K (G, fi^c 

for % — 1,2 coincide (see Chapter II, Proposition 1.4 in [12]). As J-2d,K,c is a reduced 
algebraic space over C we have that U x jr 2d K c U is a reduced C-scheme (Chapter II, 
Definition 1.1 in [12]). Hence we can check the equality of the two morphisms on C- 
valued points. 

Any C-valued point on U x^r 2dKC U is a pair ((Xi, Ai, a±), (X 2 , A2, 0:2), /) where / is an 
isomorphism of the objects (Xl,Ai,oii) and (X 2 , A2, 0^2) in J- 2 d$L,c- Hence from the very 
definition of the morphism jd,K,u we easily see (just like in the proof of Proposition 2.3) 
that 

jd,K,u Pn ((X 1 , Ai, (X 2 , A 2 , a 2 )) = Jd,K,c/ pr 2 ((X u X u a ± ), (X 2 , A 2 , a 2 )) • 

Thus we have that jd,K,u Wi — jd,K,u W2 and therefore jd,K,u descends to a morphism 
jd,K,c- F2d,K,c Sh K (G, fi ± ) c - It is etale as j d ,K,c/ is etale (Chapter II, Definition 2.1 in 
[12]). □ 

Corollary 2.7. TTie algebraic space ^d^Q is 0, scheme. 

Proof. Combining the above proposition and Corollary 6.17 in Chapter II of [12] we con- 
clude that J 7 2d,K,c is a scheme. Therefore J 7 2d,K,Q is a scheme, as well. □ 

Definition 2.8. The map ja,K,c is called the period morphism (or the period map) associ- 
ated to d and K. For every primitively polarized complex K3 surface (X, A, a) of degree 2d 
and a level K-structure a, the point jd,K,c((X, A, a)) G Sh^(G, fi ± )c is called the period 
point of (X, A, a). 

Remark 2.9. The period map ja,K,c defined in the proof of Proposition 2.5 is a slight 
modification of the period maps used in [4] to construct coarse moduli spaces of primitively 
polarized complex K3 surfaces. We consider moduli spaces over Q and these have more 
than one geometric connected component. The morphism constructed above takes this 
information in to account. We will see later that this is essential for having the period 
morphism defined over Q. 

In Section 3.10 we show that the image jd,K,c(^2d,K,c) is dense in Sh^(G, fi ± )c and that 
its complement is a divisor. 
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Suppose that K is an admissible subgroup of SO(V2d)(Z) (see Definition 5.5 in [24]). 
Then one can consider the moduli space fj^c which is an open subspace of J- 2 d,K,c ( see 
Theorem 6.8 in [24]). Hence we have a period map 

jd,K,c'- ^2d^,c ~^ Sh K (G, fi ± )c 

given by the restriction of j d ,K,c- ^2d,K,c -> Sh K (G, fi ± ) c to ^|k,c- We wil1 snow below 
that this period morphism is injective. This result is a direct consequence of the global 
Torelli theorem for K3 surfaces of Piatetskij-Shapiro and Shafarevich. See Expose VII, 
Section 3 in [4] and Corollary 11.2 in [3]. 

Proposition 2.10. For an admissible subgroup IK o/SO(V^d)(Z) the period map 

jd,K,c - -T^Vc — >• Sh K (G, fi ± ) c 

is an open immersion. 

Proof. Note first that the algebraic space c ^ s a scheme as we have an open immersion 
^2dK ^2d,K into a scheme (cf. Theorem 6.8 in [24]). Further, by Proposition 2.5 
the map jd,K,c- ^ 2 «c — * Sh K (G, fi ± )c is etale hence it is open. We have to show that it 
is an immersion. As both schemes are reduced it is enough to show that the morphism is 
injective on C-valued points. 

Suppose that (X iy Aj, CKj) G F^dKci^) f° r * = 1, 2 are two points such that 

jd,K,c((Xi, Ai, «i)) = j d ,K,c((X 2 , A 2 , a 2 )) 

in Sh^{G, fi ± )c- Let be two representatives of the classes ctj and let 

o,: H 2 B (X h Z(l)) ^L 

be two isometries as in the definition of the map jd,K,c- Then we have that 

[ai o h Xl o a^ 1 , ai o «i]k = [a 2 o h X2 o a^ 1 , a 2 o a 2 ] K - 

Hence there are two elements q G G(Q) and k G IK such that we have an equality 

(6) (q ■ (a l o h Xl ° aj" 1 ), g o a x o a x o k) = (a 2 ° h Xl ° a^ 1 , a 2 o a 2 ) ■ 

From the equality between the second elements in (6) we see that q = a 2 o a 2 o ko a^ 1 o a^ 1 . 
Hence it belongs to {g G SO(V 2d )(Z) | g(e 1 — df 1 ) = ei — dfi}, by the very definition of a full 
level K-structure, and being in G(Q) we conclude that q G {g G SO(V 2( i)(Z) | g(e 1 — dfi) = 
e i — dfi}- The equality between the first elements in (6) shows that 

oqo ai : H 2 B (X 2 , Z(l)) -> Z(l)) 

is a Hodge isometry, mapping the class of A 2 to the class of Ai and preserving the level 
structures. By the global Torelli theorem for K3 surfaces one concludes that it comes 
from an isomorphism of the triples (X±, Ai, a±) and (X 2 , \ 2 ,a 2 ). Therefore the morphism 
jd,K,c is an immersion. □ 

Remark 2.11. In general, the morphism jd,K,c' ^2d,K,<c —* Sh^{G, Jl ± )c need not be 
injective. We cannot apply the arguments of the proof of Proposition 2.10 as we only get 
a Hodge isometry 

a~ 2 x oqoa,: P 2 B (X 2 , Z(l)) - P 2 B {X^ Z(l)). 
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As not every such isometry is induced by an isometry between the cohomology groups 
if|(X 2 ,Z(l)) and H%(Xi, Z(l)), mapping ci(A 2 ) to ci(Ai), we cannot conclude that 
(Xl,Ai) and (X 2 , A 2 ) are isomorphic. 

3. Complex Multiplication for K3 Surfaces 

Here we will prove that the field of definition of jd,K,c is Q- This is an analogue 
of Theoreme 4.21 in [6] concerning periods of abelian varieties. We will do this first 
by proving a variant of the main theorem of complex multiplication for abelian varieties 
(Theorem 5.3 in Chapter I of [16]) in the case of exceptional K3 surfaces and then applying 
a density result for those surfaces. We will carry out this strategy in Sections 3.4-3.9. 
Before that we give a short review of some results from class field theory and canonical 
models of Shimura varieties. 

We begin by making the following notation which will be used from now on. 

Let X/C be a non-singular projective variety and consider an automorphism a G 
Aut(C). Let X a be conjugate of X by a. For any n G Z we will denote by 

a XJ : W ct (X,A f (n)) -> WJX' , A,(n)) 

or simply by <7/, the morphism on etale cohomology induced by f3. 

For a non-singular projective surface X the morphism (5 induces a morphism 

(3*: Pic(X) -> Pic(X CT ) 

and we will denote it by <7pi c . Recall that we have a decomposition 

H 2 ct (X,A f (l)) = A XAf ®T XAf 

and similarly 

H%{X°,A f {l)) = A x « Af ®T x « Af . 

We have that 

°X,f = OPic.A/ © °Xf |t x , A/ 

where <7pi cAf is the morphism sending Ci(A) to c 1 (A cr ) for any A G Pic(X). In the sequel, 
we shall use the notation a X j for the morphism o"x,/|t XA/ : T XAf — > T X aj. 

3.1. Class Field Theory. Let £ be a number field and denote by i? ab the maximal 
abelian extension of Class field theory provides us with a description of Gal(_E ab /_E). 
There exists a surjective homomorphism 

iec E : A* -> Ga\(E &h /E) 

such that i? x is in its kernel and for every finite abelian extension L of E the following 
diagram 

£x\A* ^ ^ Gal(^ b /^) 

E*\A*/ Nm i/E (A^) Gal(L/£) 
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is commutative. We refer to Chapter 3 in [19] and Chapter VII in [5] for proofs and some 
properties of this homomorphism. To make notations easier when considering canonical 
models of Shimura varieties we define the map 

art B : A* -> Gal(£ ab /£) 

by arts (a) = rec^a;) -1 . 

3.2. The Homomorphism r h . Let V be a finite dimensional Q-vector space and let 

be a Q-HS on V. Let T C GL(V) be a Q-torus and suppose that the homomorphism h 
factorizes thought T K . Then the same holds for the cocharacter fi h (cf. Section 1.1) and 
we have that 

l^h '■ G m> c — > T c 

is defined over Q. Let E(h) be the field of definition of Hh he., the reflex field of the pair 
(T, h). It is a number field. Composing ji h : G mj E(h) ^e(Ti) with he norm morphism we 
obtain a homomorphism 

r(T, h) : R&s E {h)/Q{^m,E(h)) -> T. 

Definition 3.1. With notations as above define the homomorphism tv A^) — > T(Af) 
as being the composition 

r h : A* (ft) — Res E{h)/Q (G mMh) )(A) , T (A)^T(A f ). 

3.3. The Canonical Model of Sh K (G, fi ± )c- Let I be a compact open subgroup of 
G(Af). The canonical model Sh K (G, f^) of Sh K (G, fi ± )c is scheme over Q (which is the 
reflex field of the Shimura datum (G, fi 1 * 1 )) such that: 

(i) one has an isomorphism SHk(G, f^) ®q C — > SHk(G, fi ± )c; 

(ii) Aut(C) acts on Shr^(G, fi ± )c via the isomorphism given by (i) as follows: For 
every special pair (T,x) of (G, fl^) one has that 

a[x,a] K = [x,r x (s)a] K 

for all er G Aut(C/£ , (x)) and s G A^, s such that art^^s) = cr\ E ^ a b. Here 
the morphism r x : A^,^ — > T(Af) is the one associated to the pair (T, x) as in 
Definition 3.1. 

These two properties determine the scheme Sh^(G, f^) uniquely up to a unique isomor- 
phism. For details concerning canonical models of Shimura varieties and their properties 
we refer to Section 2 in [18]. 

3.4. Statement of the Main Theorem of Complex Multiplication for Excep- 
tional K3 Surfaces. Let X be an exceptional K3 surface of CM-type (Ex,£x) over 
C. As in the case of abelian varieties with complex multiplication we are interested in a 
relation between the various cohomology groups of X and its conjugate X a by an auto- 
morphism o of C. In this section we will state the main results of complex multiplication 
for exceptional K3 surfaces. To make notations easier we will denote by 

E :=e x {E x ) C C 
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the reflex field of Hg(X). 

Recall that the Hodge structure homomorphism hx ■ S — > SO(P|(X, R(l))) factorizes 

h x : § -> Hg(X) K C SO(T XiR ) SO(Pl(X,R(l))). 

Let /ix : G mi £ — ► B.g(X)E be the corresponding cocharacter and let 

r*: A£ -> Hg(X)(A / ) C SO(T x , Q )(A / ) 

be the morphism associated to (Hg(X), fax) as in Definition 3.1. 

Lemma 3.2. Suppose given an exceptional K3 surface X of CM-type (Ex, ex)- If o~ G 
Aut(C/£ l ), i/ien X CT an exceptional K3 surface and the reflex field o/Hg(X CT ) is E. 

One can give a proof of the lemma using a 'a Hodge cycle is an absolute Hodge cycle' 
argument. We will give a proof in Section 3.7 using abelian surfaces. 

Let X be an exceptional K3 surface of CM-type (E x , ex) and let a G Aut(C/£'). Then 
by a Ex-linear isometry rj: T x ,q — > 7x°-,<q we shall mean an isometry 77 such that 

77( e -i) = (e x l oe x )(e) • 77(f) 

for every t G Tx,<q and e G -Ex- 

Theorem 3.3 (Complex multiplication for exceptional K3 surfaces). Let X be an ex- 
ceptional K3 surface of CM-type (Ex, ex)- Let E = ex(Ex) C C be its reflex field and 
let a G Aut(C/£'). Then for any idele s G A^, with arte(s) = cr\ E &b there is a unique 
Ex -linear isomorphism of polarized Q-HS 

Vx '■ Tx,q Tx*,q 
such that T) X ,f(rx(s)t) = a x ,f(t) for every t G T x ,k r 

If such rjx exists, then it is necessarily unique. Indeed, the condition imposed on 
r)x,f determines it uniquely and hence rj is also determined uniquely via the natural 
isomorphism T x ,A f — T x ,q ® A/. 

We will give a proof of the theorem in Section 3.7. We will use first a geometric 
construction due to Shioda and Inose to reduce the problem to a similar statement for 
abelian surfaces. Then we will show that the corresponding statement for abelian surfaces 
follows from the main theorem of complex multiplication for abelian varieties. We present 
these results in the next two sections. 

Remark 3.4. We wonder if one could give a 'direct' proof of Theorem 3.3 similar to the 
proof of Theorem 11.2 in [17] using, for instance, arguments of the type 'a Hodge cycle is 
an absolute Hodge cycle' on a K3 surface. This can be done in the case (X, A) is defined 
over an intermediate field E C K C C and a G Aut(C/K). 

3.5. The Results of Shioda and Inose. We shall describe a geometrical way for con- 
structing exceptional K3 surfaces with given transcendental lattice using product abelian 
surfaces. We will follow the exposition of Shioda and Inose in their paper [28] with some 
notational differences. 

Let A = C\ x C 2 be a product of two elliptic curves over C and let Y be the Kummer 
surface associated to A. Let ir : A — > A be the the blowing up of the 2-torsion of A and let 
[— 1]^ be the involution on A induced by the automorphism [—1]a of A. Denote by l: A — > 
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A/([— 1]^) = Y be the quotient morphism of degree 2. One has morphisms induced 
on Betti cohomology with Z-coefficients and hence on the corresponding transcendental 
lattices 

7r* : Ta — > T A and i* : T Y -> 7^. 

We know that 7r* is an isomorphism of polarized Z-HS and i* is an isomorphism of Z-HS 
multiplying the intersection form by 2 i.e., (t*x, l*d)a = 2(x,y)y- 

Let {ui}f =l , {vj}1j =l be the four 2-torsion points on C\ and C 2 respectively. Denote by 
Eij the sixteen non-singular rational curves on Y corresponding to the points (ui,Vj) on 
A. In other words we have that = t(7r -1 (iZj, Vj)). Following the notations of [28] we 
denote by Fj and Gj the non-singular rational curves i{n~ l {ui x C 2 )) and <,(7r _1 (Ci x i^)) 
on F. 

Consider the divisor 

D = E 21 + 2F 2 + 3F 23 + 4C7 3 + 5E 13 + 6F1 + 3E 12 + AE lA + 2G A 

on y. By Lemma 1.1 in [28] the linear system \D\ gives a morphism $: F — > P 1 of which 
D is a singular fiber, say D = $ _1 (t ) for some t G P 1 . We look further at two divisors 

-Bi = i*3 + -£"31 + E 32 and B 2 — F4 + E41 + F42 

on y. One can see that they do not meet D and their supports are connected. Hence we 
conclude that the image is a point tj in P 1 and B t is contained in the singular fiber 

for % — 1, 2 (see the figure on page 122 of [28] and the comments following it). Let 
/ : P 1 — > P 1 be the finite morphism of degree 2 branched only at t\ and t 2 and consider 
the fiber product Y x$ )P ij P 1 . 

Lemma 3.5. TTie surface F x P i P 1 has a minimal model X which is a K3 surface (hence 
it is unique). 

Proof. See Lemma 3.1 in [28]. □ 

The elliptic pencil $ : Y — > P 1 on Y induces an elliptic pencil ^ : X — > P 1 on X (see 
§3, p. 124 in [28]). The morphism /: P 1 — > P 1 induces an involution of the surface 
y x .j pi jP 1 . Therefore it induces an involutive birational transformation of X, hence by 
the minimality of a K3 surface an automorphism a of X. It has 8 fixed points {pi}f =1 and 
Y is the minimal model of the quotient surface Xja. For details see §8, pages 585-586, 
591-592, 600-602 in [13] and the remarks after the proof of Lemma 3.1 on page 125 in [28]. 

Let (3: X — > X be the blow-up of the 8 points p i: i = 1,...,8, on X. Then the 
involution a on X induces an involution a on X. If we denote the quotient morphism 
X — > Xja by 7 then we have the following commutative diagram 




Y = X/a X. 




Xja 
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The degree of the morphism 7 is 2. The map (3 induces an isomorphism of polarized Z-HS 
(3*: T x —>T X . The main result of Section 2 of [28] is that 7* : T Y — »■ T x is an isomorphism 
of Z-HS such that (7*2;, 1*y)x = y)y. Putting the preceding two diagrams together 
we obtain 

(7) 




A Y X. 

Shioda and Inose describe the relation between the transcendental lattices of A and X 
using those morphisms. 

Theorem 3.6 (Shioda-Inose). With the notations as above one has that the morphism 

0: T x -> T A . 

defined as <p = 7r* _1 o l* o 7* _1 o /3* induces an isomorphism of polarized Z-HS. 

Proof. The main difficulty is to prove that the map 7* is an isomorphism. We refer to 
the proof of Theorem 2 in [28] . Note that Shioda and Inose use homology groups and we 
use cohomology groups. But in our case all those groups are free and we obtain the result 
using duality. □ 

Remark 3.7. Note that a priori the whole construction depends on choosing a numbering 
of A[2](C). We shall be interested in constructing exceptional K3 surfaces. As we will see 
below for these surfaces the choices involved change only the morphisms (3 and 7 but not 
the surface X itself. 

Remark 3.8. Note that by the comparison theorem between Betti and etale cohomology 
the map 0/ = "K*f x o t*^ o 7* _1 o f3j induces an isomorphism 

0/ : Tx,A f —> T AjAf . 

Indeed, we have that 0/ = ®% Af and we know that is an isomorphism. 

In order to explain the construction in the proof of the main result of [28] we will follow 
their notations working with homology instead of cohomology. If X is a non-singular 
projective surface over C we will denote by T x om the homological transcendental lattice. 
In other words we define T x om = (Pic(X)) ± C H 2 (X, Z(-l)). 

Let X be an exceptional K3 surface over C. Denote by px the period on T x om i.e., the 
linear functional, determined up to a constant by 



Px{t) = J^l 



UJ), 

for t G T x om and ux a non-vanishing holomorphic 2-form on X. We say that a basis 
{1/1,1/2} is oriented if the imaginary part of px{yi)/px{y2) is positive. 

Let {yi, 1/2} be an oriented basis of T x om - In it the bilinear form on T x om is given by a 
matrix 



(8) Q 



{yuyi) (yi,V2)\ = ( 2a b 

(2/2,2/1) (2/2,2/2)/ \b 2c 
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for some a,b,c G Z with a, c > and A = b 2 — 4ac < 0. Then we have that Ex = 
End H s(^x,(Q) = End H s(^x°Q ) i s isomorphic to Q(a/A) C C. In our notations from Section 
3.4 we have that e x {E) = E = Q(v / A). 

Let Ti = (— b + \/~K)/2a and r 2 = (6 + \/A)/2 and consider the elliptic curve Ci = C/A T . 
where A n = Z + Zri. These elliptic curves are isogenous and have complex multiplication 
by E. 

Theorem 3.9 (Shioda-Inose). Let X be an exceptional K3 surface over C and consider 
the product abelian surface A = C\ x C 2 where Ci for i = 1, 2 are the CM elliptic curves 
defined above. Then the K3 surface Xa constructed in Theorem 3.6 is isomorphic to X. 

Proof. We refer to the proof of Theorem 4 in [28] . The idea is to compare the lattices T x om 
and T^° m . Using Theorem 3.6 one sees that those two lattices are isometric. A result 
of Piatetskij-Shapiro and Shafarevich says that an exceptional K3 surface is uniquely 
determined by its transcendental lattice (see §8 in [21] and also the remarks made in 
[29]). Hence one concludes that X is isomorphic to Xa- □ 

Remark 3.10. Note that if X is an exceptional K3 surface then the construction de- 
scribed in Theorem 3.9 is independent of the numbering of A[2](C). Indeed, starting with 
a numbering of A[2](C) one can constructs an exceptional K3 surface Xi and an isomor- 
phism of polarized Z-HS 0i : T Xl — * Ta- Starting with a different numbering and different 
/ one constructs an exceptional K3 surface X2 with an isomorphism of polarized Z-HS 
02 '■ Tx 2 — > Ta- Hence T Xl and T X2 are isometric and by the result of Piatetskij-Shapiro 
and Shafarevich X\ and X2 are isomorphic. Note that the morphisms involved in the 
construction might change. 

3.6. Complex Multiplication for Product Abelian Surfaces. Let A be a complex 
abelian surface of CM type (E, <£>) and denote by E* its reflex field. Let a be an element of 
Aut(C/.E*). The main theorem of complex multiplication gives a relation between Betti 
and etale cohomology of A and A a . We will need this in a special case. Before stating 
the result we introduce some notations. 

Let E C C be a quadratic imaginary field and let C\ and C 2 be two elliptic curves with 
CM by E. One should keep in mind here the data of Theorem 3.9. Then Cj is of CM-type 
E C C. Let A be the product abelian surface Ci x C2. Then the reflex field of the torus 
MT(A) is E C C (see Chapter IV, §18.7 in [26]). Consider the transcendental space T a ,q 
and define 

Ea '■= EndHs(^A,Q)- 

Then Ea is a quadratic imaginary field. The reflex field of the torus MT(Ta,q) is E C C. 
On the other hand if e A - E A — > End c (-ft" 2 '°(^4)) = C denote the action of E A on the 
space of holomorphic two-forms on A, then just like in the case of K3 surfaces the field 
6a(Ea) C C is the reflex field of MT(T^q). Hence we have an isomorphism e^: Ea — > E. 
We have natural isomorphisms of cohomology groups 

(9) E\{A,'L)^E\{C 1 , r L)®E\{C 2 ,'L) and H^A, Z) ^ if^d, Z) H^(C 2 , Z). 

If h: § -> GL(#i(A,M)) and ^: § -> GL(^(Q,M)), for i = 1,2 are the corresponding 
homomorphisms defining the three Z-HS, then we have that h — hi © h 2 - Hence we have 
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that (j,h = Hh± ® Hh 2 where /ih and //^ are the cocharacters defined in Section 1.1. Further 
we know that 

(10) H 2 B (A,Z(1)) = (a 2 H b (A,Z)) ®Z(1) and H 2 t (A,Z(l)) = (A 2 tf c \(A, Z)) © Z(l) 

and therefore combining (9) and (10) we have natural isomorphisms 

(11) 

H 2 B (A,Z(1)) = 

A 2 #i (d, Z) © Z(l)) © f A 2 H B (C 2 , Z) © Z(l)^) © f ^(Ci, Z) © if* (C 2 , Z) © Z(l) 



and 
(12) 

WZ(1)) = 

A 2 F c \(^i> Z) © Z(l)^ © ^A 2 # C \(C 2 , Z) © Z(l)^ © ^(Ci, Z) © f^(C 2 , Z) © Z(l)^ . 

The spaces (a 2 ^(Ci,Q)) © Q(l) and (A 2 #£(Ci, Q)) © Q(l) (respectively with A r 
coefficients) consist of algebraic classes. Hence for the homomorphism 

h A : §^ GL(H 2 B {A,R{1))) 

giving the Z-HS on H B (A, Z(l)) we have 

(13) h A = (A 2 h) © /i z(1) = (A 2 /ii © /i z(1) ) © (A 2 /i 2 © hz(i)) © (/ii © h 2 © hz(i))- 
Then for the corresponding cocharacters one has 

(14) ha = (A 2 ^) © = (A 2 /ii © /x z( i)) © (A 2 mu 2 © A*z(i)) © ® A*2 © A*z(i)) • 

As we explained in Section 1.1 the homomorphism Ha and the cocharacter // A factor 
trough SO(T A)Q ). The Mumford-Tate group MT (H%(A, Q(l))) is a torus and we have 
homomorphisms of algebraic groups 

h A : MT(if|(A,Q(l))) R C SO(T A , M ) 

and 

/x A : G m , c -> MT(# 2 (A,Q(1))) C C SO(T A , c ). 

We have that MT(H%(A, Q(l))) = MT(T X , Q ). The field of definition of /i A is £ C C. Let 

r A : A^ -> MT(T X)Q )(A / ) C SO(T AjQ )(A / ) 

be the morphism associated to (MT(7x,q), h A ) as in Definition 3.1. 

Let a G Aut(C/£ l ). Then by a E A -linear isometry rj: T A ( q — * we shall mean an 

isometry r] such that 

7](e-t) = {e A l oe A )(e) • r)(t) 
for every t G T A q and e G E X - Note that this definition is correct as the reflex fields of 
MT(A) and MT^) are E C C. 

Proposition 3.11. Let A = C± x C 2 be a product of two elliptic curves with CM by a 
quadratic imaginary field E. Let a be in Aut(C/£') and let s G A^ be an idele such that 
arte(s) = a\ E a,b. Then there exists an isogeny rj: A a — > A such that for the isometry 
V} : T A ,A f T A a ;Af induced by r\ acting on Stale cohomology we have that r)f(r A (s)t) = 
a f (t) for every t G T AAf . 
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Proof. By Theorem 11.2 in [17] we can find two isogenies r^: Cf — * Cj for i — 1,2 such 
that for the maps 

</: tfc\(aQ)-tfct(C7,Q) 

we have that r]* f (ri(s)t) = o- Ci j{t) for every t G Hl t (d, A/), for i = 1, 2. Here 

r, : A£ — > MT(Q)(A / ) - GL(^(Q, Q))(A / ) 

is the homomorphism associated to (MT(Cj), /ij). 

Let r]\ A a — > A be the product isogeny (771,772)- It defines an E^-linear isometry 
^a,q - ► 2~a ct ,q- Using the decompositions 

= T AAf © A A)A/ and # 2 ( A a , A f ( 1 ) ) = T M Af © A A « Af 

we see that v}\a a a : A4,Ay — > -Aa^A/ sends a class ci(A) for A G Pic(A) to ci(A CT ). Further, 
using the natural isomorphisms (9), (10), (11) and (12) we see that for 

V*f '■ T A ,A f — > T A a jAf 

we have that r]j(r(s)t) = &f(t). Here r: A^, — > MT(Tx,q)(Aj) is the morphism obtained 
as in Definition 3.1 using the cocharacter (A 2 (/ii © ^2)) © A*Q(i) which is exactly /i A . So 
we have that r = r A which finishes the proof. □ 

3.7. Proof of the Main Theorem of Complex Multiplication for Exceptional K3 
Surfaces. Here we will give a proof of the claims announced in Section 3.4. We begin by 
putting together the results of the previous two sections. 

Let X be an exceptional K3 surface over C of CM-type (E x ,e x ). Let 

E = e x {E x ) =Q(v / A) 

be the quadratic imaginary field defined by the discriminant of the form (8) in Section 3.5. 
Let A be the product abelian surface as in Theorem 3.9 associated to X. Let us further 
set E A = End H s(7A,Q)- The two fields E x and E A are isomorphic as abstract fields. 
With the notations of the previous section (E A) e A ) is the reflex field of MT(T j4i q). We 
have an isomorphism of polarized Z-HS 0: T x — > T A . We also look at the corresponding 
isomorphisms 

0Q : T x> q — > T At Q and 0j : T XjAf — > T AjAf 
induced by the actions of 7r, l, 7 and j3 on Betti cohomology with Q coefficients and on 
etale cohomology. We have that 0q = ©z Q and 0/ = © z A/. 
The morphism 0q gives an isomorphism 

0^ d : E x = End HS (Tx,Q) -> End H s(T AQ ) = E A . 

We have further the two inclusions e x : E x — > End c (if 2,0 (X)) = C and Ea'- E A — > 
Endc(-ff 2 '°(^4)) = C. The map 0q is defined as a composition of algebraic morphisms 
and hence we have a commutative diagram 

^ ad 

(15) E x ? £ A 



End c (tf 2 '°(X)) ^L!!^!2^L!^ , End c (/J 2 '°(A)). 
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In other words 0Q d gives an isomorphism of the CM-types (Ex,€x) and (Ea,€a)- There- 
fore, with these identifications, 0q commutes with the action of E on the two vector spaces 
T X: q and Ta,q via the isomorphisms e x x : E — > E x and e^ 1 : E — > Ea- Similarly 0j is 
an A^j-equivariant isomorphism via these actions. Further, via the isomorphism 0q, one 
can identify the cocharacters /ix and /ia and thus also the morphism r x and ta- Taking 
all these remarks in to account we see that for any idele s £ A^, the following diagram 



(16) 


Ta,a } 


rA(s) rp 

>■ J- A,Aj 






<t>f 




<j> f 






,A f 


r x(s) rp 

*■ J-x 


,Af 



is commutative. 

Let a be an element of Aut(C/£'). Making a base change Spec (a) : Spec(C) 
of Diagram (7) we obtain a diagram 



Spec(C) 



(17) 



A a 



X c 






3.6, by (vr^)*" 1 o (i CT )* o (Y) o 



Denote by 0°": Tx* — > Ta* the isomorphism of polarized Z-HS, defined as in Theorem 

Consider the isomorphisms induced on Betti 

Ta° 



cohomology with 



coefficients and etale cohomology 

4>q : Tx°,q — > ^V,q and 0^: T x *,A f 



if 



These isomorphism are defined by algebraic morphisms and hence just as above we con- 
clude that 0q defines an isomorphism of the reflex fields (Ex*, ex*) and (EV, e^). 

Proof of Lemma 3.2. For an element a £ Aut(C/i?) the reflex fields of Rg(T A: o) and 
B.g(TA",q) are E. Hence we have an isomorphism o (0Q) ad : E x <? — > and therefore 
the reflex field of Hg(X CT ) is E C C. □ 
Before giving the proof of Theorem 3.3 we shall make a final remark. The map <j)f 
is defined as a composition of the algebraic maps n, i, 7, (5 and their inverses acting on 
etale cohomology. The isomorphism 0^ is defined in the same way using the conjugates 
7r°", L a , 7 ", (3 a . Hence we see that we have the following commutative diagram of etale 
transcendental spaces: 



<fif 



°XJ rp 
if >" ±X°,A f 



T 



A,Af 



T 



A°,A r 



Proof of Theorem 3.3. Let s £ A^ be an idele such that art_e(s) 
3.11 we have an isogeny 

i] : A a — > A 



a\ E a,b. By Proposition 
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such that for the induced isomorphism rjj: Ta,a s — ► Ta°,a s on etale cohomology with 
A/-coefficients we have rff{rA{s)t) = (JAj(t) for every t G Ta,a { - 

Using the isomorphisms of Q-HS 0q and 0q we obtain an isomorphism of Q-HS 

Vx '■ Tx,q — * ^x ct ,q 

defined as r\x = 4>o ° Vo ° ^o 1 - I 11 other words we define r\x by completing the diagram 



(19) 



Tl VX rri 



Tax 



x°x 



Ta° 



where t]q is the Q-HS morphism induced by i] on Betti cohomology. Note that from 
the remarks made above the isomorphism r] X is i?x-equivariant. We get an A^j-linear 



isomorphism rjxj '■ T- 



X,A f 



Tx°,A f by tensoring rjx with 



Diagrams (16) and (18), and using the fact that <pf = 
that the following diagram is commutative: 



i/. By the commutativity 

A j and J = <pQ <g> Af we see 



(20) 



T 



A,A 





Hence we have a Q-HS isomorphism rjx'- Tx,q — * Tx^,q such that r)xj(rx(s)t) = o~x,f(t) 
for every t e T x ,A r □ 

Remark 3.12. Note that the morphisms rjx and rjxj are induced by a cycle in X a x X. 
Indeed, if T v C A a x A is the graph of 77, then the isomorphisms r/x and rjxj are given 
by the cycle 

Z = {((3° , (3) o ( 7 CT , 7)- 1 o ( t * o (tt ct , vr)- 1 ) (r„) C X CT x X 

as in §3 of [11]. 

3.8. Some Special Points on Sh K (G, fi ± ) c . Let d G N and let K C SO(V 2d )(Z) be a 
subgroup of finite index such that K C K n for some n > 3. In order to carry out our 
strategy for proving that the morphism jd,K,c' ^2d,K,c ~ > Sh^(G, fi ± )c is defined over Q 
we need to find enough special points on Sh^iG, fi ± )c for which we can control the Galois 
action. 

Proposition 3.13. Let E C C be a quadratic imaginary field. Then the set of special 
points [x, o]k £ SHk(G, fi ± )c(C) with reflex field E is dense for the Zariski topology. 
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Proof. Let C be an elliptic curve over C with CM by E and consider the product abelian 
surface A = C x C. Let P be a point of infinite order in C and consider the divisor 

D! = PxC + CxP 

on A. As D\ = pr\P + pr^P, where pri : A — > C is the projection morphism onto the i-th 
factor, we have that it is an ample divisor on A. Its self-intersection number (D±, D\)a is 
2. 

Let X be the Kummer surface associated to A. Then X is an exceptional K3 surface 
and the reflex field of MT(X) is exactly E. Let 7r: A — > A be the blowing-up of A [2] and 
t: A — > X be the morphism of degree 2. Then the line bundle 

C:= O x (L^n*(D 1 ))) 

defines a quasi-polarization on X and one easily computes that (£, £)x = 2. Hence £ is 
primitive. 

Let P|(X, Z(l)) be the primitive Betti cohomology group with respect to ci(C). Fix 
an isometry a: Pg(X, Z(l)) — > L2. Then we have a point x := a o hx a -1 in The 
Mumford-Tate group of the Q-HS x induced on V2 is a ad (MT(X)) and hence its reflex 
field is E. By the strong approximation theorem the orbit G(Q) ■ x is dense in hence 
the set of points {[rr,a] K | a G G(Af)} is dense in 

Sh^CQ^c = G(Q)\Q ± x G(A f )/K. 

□ 

Remark 3.14. Similar density results appear in various papers on the Torelli theorem for 
K3 surfaces. The difference with our situation is that in those papers one mainly works 
with the full period domain of dimension 20. We also mention Lemma 7.1.2 in [2] which 
almost gives the result we need. 

Corollary 3.15. Let dGN and let E C C be a quadratic imaginary field. The set of 
points x G ^2d,K,c corresponding to exceptional K3 surfaces X of CM-type (E x ,ex) such 
that €x{Ex) = E is dense for the Zariski topology in J-2d,~K,c- 

Proof. We have an etale morphism jd,K,c'- J~2d$L,c Sh^G, Jl ± )c- According to the 
preceding proposition the set of points [x, a]x G Sh K (G, fi ± )c(C) with reflex field E is 
dense in Sh^(G, fi ± ) c . Therefore the preimage of this set under jd,K,c m •? r 2d,K,c is a ^ so 
dense. It consists exactly of the exceptional K3 surfaces X of CM-type (E x ,e x ) such 
that ex{Ex) = E, with a polarization of degree 2d and a level K-structure. □ 

3.9. Complex Multiplication for K3 Surfaces. We will prove here that the field of 
definition of the morphism jd,K,c is Q. To do that we will use the density result for 
exceptional polarized K3 surfaces and Theorem 3.3 which establishes a relation between 
the Galois action on such a surface and its periods. 

Theorem 3.16. Let d G N and let K C SO(V2d)(Z) be a subgroup of finite index such that 
K C K n for some n > 3. Then the morphism jd,K,c- J~2d,K,c SHk(G, fi ± )c is defined 
over Q. In other words one has an Stale morphism 

jd,K - ? 2d,K,Q — ► Sh K (G, Vl^ 

such that j dtK <S> C = j d ,K,c- 
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Proof. We will divide the proof into three steps. 

Step 1. Let x G J~2d,K,c be a point corresponding to an exceptional K3 surface with CM 
by E. We will show first that for every a G Aut(C/P) we have j d ,K,c(&(x)) = &(jd,K,c(x))- 
Let E C C be a quadratic imaginary field, let (X, A, a) be a polarized exceptional K3 
surface of CM-type (E x , e x ) with a level K-structure a such that e x (E x ) = E. Then we 
have the triple 

((PUX,Z(l)),h x ),^ x ,aK) 

where a is a representative of the class a. 

Let a be a representative of the class a and let a x : Pj(X, Z(l)) — > L 2 d be an isometry 
as in the definition of the morphism jd,K,<c (see Step 1 of the proof of Proposition 2.5). 
Via this isometry we have an inclusion of algebraic groups a^: MT(X) G. By the 
modular description of Sh^(G, Jl ± )c and the definition of jd,K,c we have 

jd,K,c((X, A, a)) = [a x o h x o a^ 1 , a x ° a] K . 

We have that P|(X, Q(l)) = T XM © where 

A x : = c 1 (A) ± C C if|(X,Q(l)) 

as polarized Q-HS. By definition the action of E x on A\ is trivial. The same decompo- 
sition holds for etale cohomology P e 2 t (X, A/(l)) = T XAj © A X>A where 

A XAf := Cl (A)^ C A XAf C H 2 ct (X,A f (l)). 

By the comparison theorem between Betti and etale cohomology these two decompositions 
are compatible with tensoring with Af. 

Let a G Aut(C/E) and consider the conjugate cr(X, A, a) = (X a , A CT , a a ) defined by 
the base change Spec (a) : Spec(C) — > Spec(C). The surface X a is also exceptional and 
for it we have similar decompositions of P|(X <T ,Q(1)) and P^ t (X a , A/(l)). The base 
change morphism Spec(a) induces a morphism <7p ic : Pic(X) — > Pic(X cr ), preserving the 
intersection forms on both spaces and sending A to A CT . Hence we obtain an isomorphism 
of polarized Q-HS 0"pi Cj Q: A x ^ — > A x< ?^ and an isomorphism <7pi c ,/: : A X ^ A — > A\ aAf 
such that o"pic,Q © Ay = <7pi c ,/- Note that by its very definition <7pi c ,/ is nothing else but 
07 restricted to A XAf . 

By Theorem 3.3 there exists an isomorphism of polarized Q-HS r\ x : Tx,q — > Px ct ,q such 
that 7]^ oaj(t) = r x (s)(t) for every £ G T XAf . Define the isomorphism of polarized Q-HS 

V = Vx © cpic,Q : Q(l)) - Pl(X CT , Q(l)). 

Then we obtain an isomorphism of primitive etale cohomology 

Vf := V © A; : P 2 (X, A f (l)) -> P 2 (X CT , A y (l)) 

for which, by the remarks made above, we have ?7 _1 o <Jf{t) = r x (s)(t) for every t G 
P e 2 (X, A^l)). 

Consider the isometry 

a X o = a x o r]- 1 : Pj(X CT , Q(l)) -> V 2d . 
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We have that a a = aj oa and we will see that ax* ° cY G G(Af) i.e., that we can use the 
marking a x <r to compute the periods of (X ff , A CT , We compute 

ax" o a a = ax ° i]^ 1 o a = ax ° r x(s) o a 

(21) = ax o a^ 1 o r (axoAxoax i ) (s) o a x o a 

= r (a x oft x oa x 1 )( S )° a XOa 

and hence ° ct a belongs to G(Af). Here the morphism 

is the homomorphism associated to the special pair (af (MT(X)), flx ^i flj) of (G, Q^) 
as in Definition 3.1. From the modular description of Sh^(G, fi ± )c(C) given in Proposition 
2.3 we see that 

jd,K,c((X a , \ a , a a )) = [a x ° o h x ° ° a x i, a x ° ° a a ] K . 
Then using (21) we compute 

jd,K,c{cr(X, A, a)) = [a x ° ° h x ° ° a x l, a x ° o a a ] K 

= [ax o (r/^ 1 o hx" ° rj) o a^ 1 , ax ° a -1 o 07 o <5]k 
= [a x oh x o a~ x \ r {ax0hx0a -i } (s) o a x o a] K 

= o"(jd,K,c((^, A, a))). 
Hence the action of Aut(C/£ l ) on the point (X, A, a) commutes with ja,K,c- 

Step 2. For a fixed quadratic field E G C the set of polarized exceptional K3 sur- 
faces X of CM-type (Ex, ex) with ex(Ex) — E is Zariski dense in ^k.c ( see Corollary 
3.15). According to Step 1 the action of Aut(C/£') commutes with jd,K,c on that set. 
Hence it commutes with jd,K,c an d by Proposition 13.1 in [17] we conclude that jd,K,c is 
defined over E. 

Step 3. Choose two quadratic imaginary fields ^cC and E 2 C C such that EiHE 2 = Q. 
By the previous step we know that jd,K,c is defined over E\ and E 2 . Hence it is defined 
over their intersection Q which is the reflex field of Sh(G, r2 ± ) c . □ 

As a corollary of the preceding theorem one can obtain an analogue of the main theorem 
for complex multiplication for abelian varieties (Theorem 11.2 in [17]) for K3 surfaces 
with CM. Let X be a K3 surface over C with CM by E = e x (E x ). We denote by 
r x : A£ -> MT(X)(A 7 ) the morphism associated to the pair (MT(X), h x ). 

Corollary 3.17 (Complex multiplication for K3 surfaces). Let X be a primitively po- 
larized K3 surface over C of degree 2d with CM by a field E. Recall that we consider 
E embedded in to C via ex- For every a G Aut(C/i?) and an idele s G A^ such that 
arte(s) = (r| £ ab there is an isomorphism of polarized Q-HS 

V :P 2 B (X,Q(l))^P 2 B (X a ,Q(l)) 

such that for rj f = r] <g> A f : P c 2 t (X, A/(l)) -> P 2 t (X a , A/(l)) we have rj f (r x (s)t) = a f (t) 
for every teP*{X, A f (l)). 
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Proof. Let A be the polarization on X. We can introduce a level 3-structure a on (X, A) 
so that (X, A, a) G ^dfrcity ■ Let 

a x : P 2 (X,Z(1)) - L 2d 

and 

a XCT ;Pj(X CT ,Z(l))^L 2d 

be two markings as in the construction of the morphism j d ,K 3 ,c (cf. Step 1 of the proof of 
Proposition 2.5). Then we have that 

jd,K 3 ,c((X, A, a)) = [a x o h x ° a x x , a x o a] K3 

and 

jd,K 3 ,c{(X, A, a)) = [a x * o h x * o a x i, a x * o a a ] Ks . 
Using Theorem 3.16 and the definition of a canonical model (cf. Section 3.3) we see that 
(22) [q • (a x o h x o a^ 1 ), qa x o r x (s) o a) = (a x <r o h X a o a x \, a x <r o <7/ o a) 
for some q G G(Q). Hence comparing the first terms in (22) we see that 

ri := a~ x \ oqoa x : : P 2 B (X, Q(l)) ^ P 2 B {X% Q(l)) 

defines an isometry of Q-HS. Form the equality between the second terms we see that 
qa x o r x (s) = a X a o o$ i.e., that rjf o r x (s) = crj. □ 

Before stating our final result we will point out a difference between the approach to the 
theory of complex multiplication for abelian varieties given, for instance, in Chapters 10, 
11 and 12 of [17] and the one for K3 surfaces given in this chapter. In the case of abelian 
varieties one first proves an analogue of Corollary 3.17 and then derives an analogue of 
Theorem 3.16 from it (cf. §4 in [6]). Here we do the opposite as we do not see a way to 
prove directly Corollary 3.17. The reason is the following: For a K3 surface X with CM by 
E x and an automorphism a G Aut(C/£'x) one has little control over the transcendental 
lattice T x <y of X a , unless X is exceptional. 

Remark 3.18. The statement in Corollary 3.17 can be given in a form not including any 
polarizations. With the notations as above for a K3 surface with CM by E one simply gets 
a Q-HS isometry a : H B (X, Q(l)) — > H B (X U , Q(l)) such that for the induced isomorphism 
i]f : H 2 t (X, A/(l)) — >■ H 2 t (X a , Af(l)) on etale cohomology one has that r]f(r x (s)t) = a fit) 
for anyt e H 2 t (X , A f (1)) . 

Corollary 3.19. Every complex K3 surface with CM can be defined over a number field 
which is an abelian extension of its Hodge endomorphism field. 

Proof. Let (X, A) be a polarized K3 surface of degree 2d with CM by E x and choose a 
full level 3-structure a on (X, A). We have an open embedding 

3d,Kf n '■ ^~2d%,Q ^ ShKf n (G, f^) 

of schemes over Q. The point (X, A, a) maps to a special point in Sh K iuii(G, fi ± )c which 
according to §3.15 in [6] can be defined over an abelian extension of its reflex field e x (E x ). 
Therefore X can be defined over an abelian extension of E x . Note that one can give a 
description of the corresponding extension in terms of the reciprocity law as explained in 
loc. cit. □ 



28 



JORDAN RIZOV 



Remark 3.20. Let us mention that a similar result can be found in the literature. Shioda 
and Inose (Theorem 6 in [28]) prove that any exceptional K3 surface can be defined over a 
number field. As we shall see below one can actually give such a number field explicitly and 
conclude that it is an abelian extension of the Hodge endomorphism field of the exceptional 
K3 surface. Piatetskij-Shapiro and Shafarevich prove, using the Torelli theorem for K3 
surfaces, that every K3 surface with CM can be defined over a number field. We refer to 
Theorem 4 in [22] 

Example 3.21. Let X be an exceptional K3 surface with CM by E. Let C\ and C 2 be 
the two elliptic curves from Theorem 3.9 and denote by ji and j 2 their invariants. By 
the theory of complex multiplication for elliptic curves we know that K\ = E(j\,C\\2\) 
and K 2 = E(j2, C 2 [2\) are abelian extensions of E. We can see that all morphisms and 
surfaces involved in the construction described in Theorems 3.6 and 3.9 are defined over 
the composite K 1 K 2 . Hence X is defined over K\K 2 which is an abelian extension of E. 

3.10. Final Comments. (A) Complex multiplication. Corollaries 3.17 and 3.19 are 
analogues to two of the main theorems of the theory of complex multiplication for abelian 
varieties (Chapter I, Corollary 5.5 in [16]). Another important result of that theory is 
that every abelian variety with CM defined over a number field K has potentially good 
reduction at every prime ideal of K. We wonder if a similar result holds for K3 surfaces 
with CM. 

Question. Let K be a number field and suppose given a K3 surface with CM over K . 
Does X have potentially good reduction at every prime ideal of K? 

One could follow the line of thoughts of the proof of Proposition 10.5 in [17]. In this 
way we can see that for a prime p of K the inertia action of I p on H^(Xq, Qi) factorizes 
through a finite group. To finish "the proof" we need a Neron-Ogg-Shafarevich-type cri- 
terion for potentially good reduction of K3 surfaces. To our knowledge, in general, this 
is an open problem. Such a criterion exists for discrete valuation rings of characteristic 
zero. This follows form the degeneration result of Kulikov (Theorem II and Theorem 2.7 
in [14], and [20]). 

(B) The period morphism. One knows that the period morphisms used in [4] and 
[9] are dominant. Further, the complement of their images are divisors. We will show 
here that the same holds for jd,K,c- 
Recall that we have a decomposition 

sh K (G,n ± ) c = ]Jr b] \Q+, 

[g]ec 

where C := G(Q) + \G(A / )/K and r [ff] = G(Q)+ HgKg' 1 for some representative g of [g] e 
C. Let X denote the geometric connected component of the canonical model Sh K (G, f^) 
corresponding to P[i]\f2 + . Denote by Ex C C its field of definition. It is an abelian 
extension of Q and one can see that 

(23) Sh K (G,Q ± )= l[ X°. 

CT GGal(£ x /Q) 
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According to Propositions 7 and 8 in Expose XIII in [4] we have that the intersection 
Jd,K,c(-? r 2<i,K,c) H X is dense in X and its complement in X is a divisor. The points in 
the complement correspond to quasi-polarized K3 surfaces. Hence using Theorem 3.16 
and (23) we conclude that jd^ci^d^c) is dense in Sh^(G, fi ± )c and its complement is 
a divisor. 
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